Abstract. We study the geography problem for smooth irreducible simplyconnected spin four-manifolds. For a large class of homotopy types, we exhibit both symplectic and non-symplectic representatives. We also compute the Seiberg-Witten invariants of all the four-manifolds we construct.
Introduction
In this paper we will work with smooth closed simply-connected 4-manifolds. Such a 4-manifold X is called irreducible, if each connected sum decomposition of X as X = Y #Z satisfies that either Y or Z is a homotopy S 4 . Clearly each smooth closed simply-connected 4-manifold X can be decomposed as the connected sum of irreducible ones. (Note that this decomposition is not unique, for example (S 2 × S 2 )#CP 2 = CP 2 #2CP 2 .)
In their paper [FS1] , Fintushel and Stern asked which homotopy types are represented by irreducible simply-connected four-manifolds. Their question can be billed as the topological version of the classical geography problem concerning complex surfaces in algebraic geometry. Clearly this problem is an important step towards the desired classification of simply-connected smooth closed 4-manifolds.
Note that the homotopy type of a smooth closed simply-connected 4-manifold X is determined by its Euler characteristic e(X), its signature sign(X) and the parity of its intersection form Q X : H 2 (X) ⊗ H 2 (X) → Z. (This is easy to prove in case Q X is nondefinite, and the definite case follows from a famous theorem of Donaldson, see [D] .) Clearly e(X) = 2 + rank(Q X ) and sign(X) = sign(Q X ). Note also that Q X is even if and only if X is a spin manifold.
The geography problem for odd intersection forms was studied in [FS1] , [St] , and [P] .
In this paper we will restrict ourselves to the even case. By reversing the orientation of the smooth spin 4-manifold if neccesary, we can assume that sign(X) ≤ 0. Rokhlin's theorem states, that sign(X) is divisible by 16, and it follows that the intersection form Q X is isomorphic to kH ⊕ 2nE 8 , where k ≥ 0, n ≥ 0, H = 0 1 1 0 , and E 8 is the unique 8 × 8 even negative definite unimodular matrix. Let A denote the set of the intersection forms of the form kH ⊕ 2nE 8 . Our first result is the following: This problem is usually called the 3/2 Conjecture; cf. [Ki, Problem 4.93 on p. 302] . Note that a negative answer for this existence problem would imply also the famous 11/8 Conjecture.
(ii) The next assumption on the parity of b + 2 is also important. Note that for a spin 4-manifold b [Ki] (Problem 4.97(B) on p. 304), the available techniques are not sufficient to prove irreducibility since the parity implies that the Seiberg-Witten and Donaldson invariants vanish with both orientation.
(iii) It still remains to consider the sign(X) = 0 case. The examples with b + 2 odd are all homotopy equivalent to (2n+1)(S 2 × S 2 ). It would certainly be great to find irreducible simply-connected four-manifolds homotopy equivalent to 3(S 2 × S 2 ) or 5(S 2 × S 2 ). While this seems still out of reach, the second author recently was able to construct examples for all n large enough; see [Sz3] .
To construct our manifolds we shall start out with some examples of spin symplectic four-manifolds, regarding them as building blocks, and then make repeated usage of the symplectic sum operation invented 1 by Gompf in [G2] . The endproducts of the symplectic sum operations will again be spin and symplectic, and hence they must have nonzero Seiberg-Witten invariants by a theorem of Taubes; see [T1] . If they were not irreducible, then in each case we could split off a nontrivial summand which would be forced to have a negative definite intersection form. But by a theorem of Donaldson, see [D] , the negative definite intersection form of the summand is diagonalizable and thus odd, contradicting the fact that the summand is spin and hence even. Therefore the results of our construction will all be irreducible.
In the light of the recent counterexamples to the Minimal Conjecture, see [Sz1] , and also [Sz2] , [FS2] , it is natural to ask whether the above homotopy types can be represented by irreducible non-symplectic 4-manifolds. We prove the following result. Theorem 1.3. For every quadratic form Q described in Theorem 1.1, there is a simply-connected irreducible 4-manifold X with Q X = Q, such that X doesn't admit symplectic structures with either orientation.
In Section 2 we present the main ideas of the construction and examples with sign(X) = −32. Theorem 1.1 is proved in Section 3. Other interesting examples are presented in Section 4. The computation of Seiberg-Witten invariants and the proof of Theorem 1.3 are given in the last section.
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Examples with signature −32
In this section we will construct simply-connected, symplectic, irreducible, spin, 4-manifolds X k with Q X k = (2k +1)H ⊕ 4E 8 , for all integers k ≥ 3, i.e. sign(X k ) = −32, e(X k ) = 36 + 4k.
Our first building block will be the fiber sum of two copies of the KodairaThurston manifold, (cf. [G2, p. 570] ). Let (a, b) be the generators of π 1 (T 2 ), and ϕ : T 2 → T 2 a diffeomorphism which maps (a, b) to (ab, b) . Let Y be the mapping torus of ϕ, i.e., a T 2 bundle over S 1 with monodromy ϕ. The Kodaira-Thurston manifold Z is defined to be the product S 1 ×Y . Z fibers over T 2 with T 2 fiber, with trivial monodromy around the first factor, and Z has a section of square 0. Now take two copies Z and Z , and fix fibers F ⊂ Z and F ⊂ Z . Let f : F → F be a diffeomorphism which maps (a, b) into (−b , a ). Let W denote the induced fiber sum Z f Z . Note that W fibers over a genus 2 surface and the fibration admits a section Σ of square 0, which is gotten by pasting together the sections of Z and Z . Now W has a symplectic structure and Σ is a symplectic submanifold (cf. [Th] , and [G2] ). Now suppose that X is a symplectic 4-manifold, and Σ 2 → X is a symplectic submanifold with g(Σ 2 ) = 2 and self-intersection 0. Then we can form the symplectic sum of W and X along Σ and Σ 2 . We recall the symplectic sum operation in greater length below, cf. [G2] .
Let ν 1 and ν 2 be the normal bundles of Σ and Σ 2 in T W and T X, respectively. Since e(ν 1 ) = −e(ν 2 ) = 0 and g(Σ) = g(Σ 2 ), we can fix a fiber-orientation reversing bundle isomorphism g : ν 1 → ν 2 . We identify the tubular neighborhoods N 1 of Σ and N 2 of Σ 2 with the open disk bundles of radius π −1/2 in ν 1 and ν 2 . Let ı map N 2 minus the 0-section into itself by
on each punctured fiber. Note that ı turns each punctured normal disk inside out. We obtain a fiber-orientation preserving diffeomorphism ψ = ı • g :
where we use ψ to identify N 1 − Σ and N 2 − Σ 2 . W # g X is smooth, closed, oriented manifold. By [G2] , W # g X admits canonical symplectic structure, which is obtained from the corresponding symplectic structures of W and X. 
The last assertion about the spin structure is a special case of Proposition 1.2 in [G2] (p. 536).
We can iterate the above construction. Namely, we take n copies of W , labelled W 1 , . . . , W n , and for each j = 1, . . . , n we fix a copy of Σ, Σ (j) ⊂ W j . Take X and choose n parallel copies of Σ 2 inside it, labelled Σ 2 , Σ 2 , . . . , Σ
2 . Successively glue each W j onto the fixed X by symplectically summing along
2 ).
As in the case n = 1, we have
simply-connected, symplectic 4-manifold with e(X# g nW )= e(X)+4n, and sign(X# g nW )= sign(X).
Furthermore if X is a spin manifold, then g can be chosen in such a way that X# g nW is also spin.
Proof. Note that the surface Σ lying in any
induces the zero map on π 1 . As in the proof of Lemma 2.1, this implies that any
2 ) is generated by the meridians of the surfaces Σ (j) 2 , which can be pushed off into the corresponding W j − Σ (j) summand, X# g nW is simply connected. e(X# g nW ) = e(X) + n(e(W )) − 2n(e(Σ)) and sign(X# g nW ) = sign(X) + n(sign(W )). The last assertion follows immediately from the previous lemma.
Let V n denote a simply-connected minimal elliptic surface without multiple fibers, and with geometric genus p g = n − 1. Note that sign(V n ) = −8n and e(V n ) = 12n (cf. [G1] ).
To obtain our examples X k , we apply the above lemmas by setting X = V 4 . We recall that V 4 is a spin manifold with the intersection form 7H ⊕ 4E 8 . Also recall that there is a holomorphic projection p : V 4 → S 2 with the generic fiber F = T 2 , a torus. The projection admits a section S, i.e., an embedding S 2 → V 4 , which transversely intersects every fiber exactly once. The normal Euler class of S is −4. Now take two distinct torus fibers and a copy of the section S. We can symplectically resolve the two intersection points and get a genus 2 surface Σ 2 .
Next we observe that π 1 (V 4 − Σ 2 ) = 1. By van Kampen's theorem,
where ι denotes the appropriate inclusion. Let γ represent a generator of π 1 (pt × ∂D 2 ). By requiring the pt to lie on the section part of Σ 2 , we can assume without loss of generality that the image of ι • γ lies on a fiber F . But we know that all the 1-cycles of
and e(X k ) = 48+4(k − 3) = 4k + 36. Note that X k is indefinite and spin, and hence by the above computation of its signature and Euler characteristic the intersection form of X k must be (2k + 1)H ⊕ 4E 8 . Since spin, symplectic four-manifolds are irreducible, we get the desired examples.
3. Proof of Theorem 1.1
For starters, we prove the following Proof. For our second family M n , we will work with a homotopy K3 surface in place of V 4 . Recall that a compact complex analytic surface X is called a K3 surface if π 1 (X) = 1 and c 1 (X) = 0. It is a classical result of Kodaira that any two K3 surfaces are diffeomorphic. Note that the elliptic surface V 2 , defined in the previous section, is also a K3 surface. Let F and S denote the regular fiber and the section of the elliptic surface V 2 . Roughly speaking, our homotopy K3 surface will be obtained from V 2 by removing a tubular neighborhood of a torus fiber F and replacing it with the complement of the trefoil knot in S 3 crossed with S 1 . This construction is a special case of the powerful machinery developed by Fintushel and Stern in [FS2] .
Let K denote the trefoil knot in S 3 and m a meridional circle to K. Perform the 0-framed surgery on K and call the resulting 3-manifold by
we have the smoothly embedded torus T m = m × S 1 of self-intersection 0. Since a neighborhood of m has a canonical framing in S 3 (K), a neighborhood of the torus
where the two pieces are glued together so as to preserve the homology class α = [pt × ∂D 2 ]. Fintushel and Stern showed that V K is homotopy equivalent to V 2 , i.e., V K is a homotopy K3 surface. Moreover, using Thurston's theorem [Th] and the fact that K is a fibered knot with a punctured torus as a fiber, they showed that V K is in fact symplectic.
Recall that the Seifert surface Σ 0 of the trefoil knot K is a punctured torus. Since the gluing map ψ sends the homology class α into the homology class
, we can glue together Σ 0 and the punctured section S − (F × D 2 ), and get a smooth torus
As before, we resolve the intersection of F and Σ 1 , and get a smooth genus 2 surface Σ 2 with self-intersection
Gompf's construction tells us that Σ 1 is a symplectic submanifold of V K (since Σ 1 is the symplectic sum of the symplectic section S in V 2 and the symplectic fiber Σ 0 of S 3 (K) × S 1 ). It follows that Σ 2 is a symplectic surface in V K .
Since V K is actually homeomorphic to V 2 , we have π 1 (V K ) = 1. We claim that π 1 (V K − Σ 2 ) = 1. By van Kampen's theorem,
where ι denotes the appropriate inclusion. By choosing the pt to lie on the S-part of Σ 2 , we can assume that ι maps a loop representing the generator of π 1 (pt × ∂D 2 ) into a fiber F inside the V 2 -part of V K . Since all the loops on F are homotopically trivial inside a neighborhood of F in V 2 , we conclude that ι * is the trivial map. Hence π 1 (V K − Σ 2 ) = 1. Now we use Lemmas 2.1 and 2.2 of the previous section. For n = 1, let
For every n ≥ 1, M n is a spin, symplectic four-manifold hence irreducible. Since M n is indefinite and sign (M n 
In order to finish the proof of Theorem 1.1 we will use a result of [GM] . Let us recall that the Gompf nucleus of the K3 surface is the regular neighborhood of the union of a cusp fiber and a section. Let K denote a K3 surface. It is proved in [GM] that K contains 3 disjoint nuclei, each corresponding to a different Kummer surface description of K. (Essentially the three nuclei correspond to three different coordinate projections of T 4 → T 2 .) Using the concrete coordinate description of the three nuclei in [GM] (p. 109), we can easily find a symplectic form on K such that the regular fiber and section of one nucleus and the regular fiber of another nucleus are symplectic submanifolds of K, cf. [MSz] . Now choose two nuclei, N and N , and fix such a symplectic structure on K. We denote the torus fiber and the section of N by F and S , etc. Inside N , there is a symplectic torus Σ 1 of square 0 such that [
We do the Fintushel-Stern construction at the torus fiber F with the trefoil knot K in S 3 . We get
. As in the construction of M n , we can glue Σ 1 and the Seifert surface of K to get a genus 2 symplectic surface Σ 2 of square 0, embedded inside K K . Next define M (0) = K K , and let
be the fiber connected sum of K K and V 2s along the tori F and F , where F is a torus fiber in N ⊂ K K and F is a torus fiber inside V 2s (s ≥ 1). Now we can use Lemmas 2.1 and 2.2 with X = M (s). We denote the results by
Note that M n (0) is diffeomorphic to M n+1 . Also we have sign (M n 
More families
Our construction can be slightly modified to produce other irreducible spin manifolds of signature (−16)s, for s ≥ 3. It will turn out in the next section that the families constructed here have much simpler Seiberg-Witten invariants than M n (s). Let us first discuss the signature −48 case (s = 3) in some detail. The central building block in this case will be the elliptic surface V 6 . Recall that sign(V 6 ) = −8 · 6 = −48, e(V 6 ) = 12 · 6 = 72, and Q V6 = 11H ⊕ 6E 8 . If F and S denote the regular torus fiber and the section of V 6 , then there is a genus 
Now fix a copy of V 6 and take q copies of W K (q ≥ 0). Choose q parallel copies of Σ 3 in V 6 and successively glue on a copy of W K for each copy of Σ 3 , using Gompf's symplectic sum operation to identify the punctured tubular neighborhoods of Σ 3 and Ξ 3 . We denote the result by
Note that sign(Y (3, q)) = sign(V 6 ) = −48, and e(Y (3, q)) = e(V 6 ) + q(e(W K )) − 2q(e(Σ 3 )) = 72 + 8q.
Using the fact that π 1 (V 6 − Σ 3 ) = 1, one can easily show that Y (3, q) is simply connected. Since Y (3, q) is spin, Q Y (3,q) = (11 + 4q)H ⊕ 6E 8 . As before, Y (3, q) is symplectic by construction and hence irreducible.
Finally we consider the general case s ≥ 3. The central building block is the elliptic surface V 2s . We have sign(V 2s ) = −16s, e(V 2s ) = 24s, and Q V2s = (4s − 1)H⊕(2s)E 8 . There is a symplectic genus s surface 
Seiberg-Witten invariants
In this section we compute the Seiberg-Witten invariants of every 4-manifold constructed in the previous sections.
Suppose that X is a smooth closed 4-manifold X with b + 2 (X) > 1. After fixing a homology orientation of X (i.e., an orientation of detH 2 + (X, R) ⊗ detH 1 (X, R)), the Seiberg-Witten invariant is defined on the set of spin c structures over X. In case H 1 (X, Z) has no 2-torsion, the set of spin c structures over X can be naturally identified with
and we can view the Seiberg-Witten invariant as
An L ∈ C X is called a Seiberg-Witten basic class if SW X (L) = 0. For more on the basics of Seiberg-Witten invariants, see [KM] , [M] , and [Wi] . The main ingredients in our computations will be a result of Taubes on symplectic 4-manifolds on one hand, and the adjunction inequality for Seiberg-Witten invariants on the other. Let us recall them below.
Proposition 5.1 (see [T1] ). Let X be a closed symplectic 4-manifold with b + 2 (X) > 1. Let c 1 (X) denote the canonical class of the symplectic structure. Then
Proposition 5.2. Adjunction inequality (see [KM] , [MST] ). Suppose that Σ → X is a smoothly embedded surface of genus g(Σ) > 0 with self-intersection [Σ] 2 ≥ 0. Then for every basic class L of X we have
Now we compute SW X k . First note that X 3 = V 4 and the Seiberg-Witten invariants of elliptic surfaces are known, see [FS3] . We have SW V4 (±2P D(F )) = 1, and SW V4 (0) = −2, where F is the homology class of the fiber. Furthermore
For k ≥ 4, we prove the following. 
Proof. If k = 4, then X 4 = W # g V 4 , and the intersection form of X 4 is 9H ⊕ 4E 8 . Let L be a basic class of X 4 . In order to determine L, we decompose the intersection form into four parts, namely,
Let us describe this decomposition below. The 4E 8 part comes from the V 4 summand inside X 4 . One can find a basis for the corresponding subspace of H 2 (X 4 ) consisting solely of 2-spheres with self-intersection −2. There is a clever trick due to Stipsicz that allows one to conclude that L is orthogonal to these 2-spheres (cf. [St] ). The 2H ⊕ 2H ⊕ 2H part also comes from the V 4 summand of X 4 . Recall that
where f denotes the fiber connected sum operation. Each 2H occuring in this part corresponds to a single f -operation in V 4 . For each 2H, one can find a basis for the corresponding subspace of H 2 (X 4 ) consisting solely of tori with self-intersection 0. Hence by the adjunction inequality the basic class L is orthogonal to these tori. The H ⊕ H part comes from the W summand of X 4 . Recall that there is a basis of H 2 (W ) ∼ = Z 6 consisting of four tori, a fiber, and the section Σ (cf. [Sz4, p. 413] ). The four tori in W (which all have square 0 and are disjoint from a generic fiber and section in W ) comprise a basis for the corresponding H ⊕ H part of H 2 (X 4 ). So again by the adjunction inequality, L is orthogonal to these tori.
Finally the H part comes from the gluing area of the symplectic sum operation # g . Choose a meridian µ of Σ = Σ 2 . We can cut and then glue the torus fibers of V 4 and W along µ to obtain a symplectic genus 2 surface
Since Σ 2 has genus 2 and self-intersection 0, the adjunction inequality implies 2 ≥ |n|. Since F 2 has genus 2 and self-intersection 0, we have 2 ≥ |m|.
(The last inequality also gives an alternative proof for the fact that L is orthogonal to the 4E 8 part.) Now the k = 4 case follows from the theorem of Taubes.
For k = 5, the intersection form
, where the new H ⊕ H summand comes from the second copy of W that is glued onto V 4 . As before, the H ⊕ H part has a basis consisting of four tori of self-intersection 0 that are found inside the second copy of W . The first three parts of the argument for k = 4 go through without a change, and we conclude that L is orthogonal to a codimension 2 subspace of H 2 (X 5 ). Note that X 5 is the result of two symplectic sum operations along two parallel copies of Σ 2 in V 4 so that we can find a torus fiber F of V 4 which has two disjoint disks cut out along the meridians of the two copies of Σ 2 . Onto each hole of this F , we glue an appropriate torus fiber, minus the meridional disk of Σ, from the corresponding copy of W . These three tori are glued together to form a symplectic genus 3 surface F 3 . Note that [F 3 
. Again, by the adjunction inequality, n = 0, ±2 and 4 ≥ |m|. Since 2mn = L 2 ≥ 3sign(X 5 ) + 2e(X 5 ) = 16, we conclude that
Now we see the general trend. For k ≥ 6, the same argument as above shows that X k has only two Seiberg-Witten basic classes,
where F k−2 is a symplectic genus (k − 2) surface gotten by gluing one copy of the fiber F of V 4 and (k − 3) copies of the fiber from (k − 3) copies of W along the meridional circles of Σ = Σ 2 . For these classes the theorem of Taubes shows that the Seiberg-Witten invariant is equal to ±1, and this finishes the proof of Theorem 5.3.
Having disposed of X k , we now proceed to determine the Seiberg-Witten basic classes of M n . For n = 1, M 1 = V K and it is shown in [FS2] 
Proof. Suppose that n = 2, and let H ⊂ H 2 (M 2 , R) be the linear subset spanned by [F 2 ], [Σ 2 ], where F 2 is the genus 2 symplectic surface gotten by gluing the torus fibers of V 2 (sitting inside V K ) and W along a vertical meridian of Σ = Σ 2 . A straightforward argument as in the above proof shows that each basic class L lies in H. Now using the adjunction inequality for F 2 and Σ 2 , and also the inequality
The same argument works also for n ≥ 3. In this case we get that the only basic classes are ±(2[F n ] + 2(n − 1)[Σ 2 ]), where F n is a genus n symplectic surface gotten by gluing a copy of regular torus fiber F of V 2 inside V K with (n − 1) copies of torus fibers from (n − 1) copies of W along the meridians of (n − 1) copies of Σ = Σ 2 . Now Theorem 5.4 follows from the theorem of Taubes.
Next we determine the SW-basic classes of M n (s) when s ≥ 1. Let n = 0. Then by definition M 0 (s) = M (s) and it follows from [FS2] , that each basic class
, where a = 0, ±2 and c = 0, ±2, . . . , ±2s, F is a torus fiber in N ⊂ K K , and F is a regular fiber of V 2s . Furthermore
. 
From the adjunction inequality and the dimensional constraint L 2 ≥ 3sign + 2e = 8n, we deduce that
where c = 0, ±2, . . . , ±2s. Now we use the product formula for the Seiberg-Witten invariants in [MST, Theorem 3.1] . In the notation of [MST] 
First note that since W is symplectic and c 1 (
Note also that in our case H 1 (Σ) → H 1 (W ) is injective and this simplifies the product formula in [MST, Theorem 3.1] . In this case the knowledge of Seiberg-Witten invariants of M 0 (s) = M (s) and W allows us to compute the SW Mn(s) (L) inductively, and we easily get:
Next let us determine the Seiberg-Witten basic classes L of Y (3, q). Y (3, 0) = V 6 and it is well-known, see [FS3] , that the set of basic classes are given by − pt] to get two 2-spheres of square −2. The ends of cylinders are determined by the monodromy of the fibration S 3 (K) → m. This is analogous to the 2H summand that we get when we fiber sum elliptic surfaces which contain cusp fibers. There is a canonical basis consisting of the two 2-spheres and two tori, which can be modified to a basis consisting of four tori of square 0, after a suitable linear change of basis elements.)
, where Γ q+1 is a genus (q + 1) surface gotten by gluing a copy of the fiber F in V 6 and q copies of the fiber T in W K along the q meridional circles of Σ 3 (that all lie on the same copy of Proof of Theorem 1.3. First note that all the 4-manifolds M n (s) with n ≥ 0, s ≥ 0 contain a Gompf nuclei of the K3 surface. Then we can use either the construction of [Sz2] or the more general construction in [FS2] to obtain nonsymplectic 4-manifolds with the same homotopy type as M n (s). Let us explain this below. The obstruction to having a symplectic structure comes from a theorem of Taubes. Let X be a closed symplectic 4-manifold with b + 2 (X) > 1. Let L 1 , · · · , L n denote the basic classes of X, and let B(X) ⊂ H 2 (X, R) denote the convex hull of L 1 , · · · , L n . Then it follows from [T2] that the canonical class c 1 (X) lies in the boundary of B(X). In particular there is a basic class on the boundary of B(X) with Seiberg-Witten invariant ±1. Now take a quadratic form Q as in Theorem 1.1, and let M n (s) denote the symplectic 4-manifold with Q Mn(s) = Q. Let F → M n (s) be a generic fiber inside a Gompf nuclei contained in M n (s). Following the construction of [Sz2] , take the fiber sum of M n (s) and the Kodaira-Thurston manifold Y , along the fiber F → M n (s) and a section T 1 of Y and make a certain logarithmic transformation of multiplicity p > 1 along the other torus T 2 defined in [Sz2] . Let N n (s, p) denote the resulting 4-manifold. It is clear (cf. [Sz2] or [FS2] ) that N n (s, p) is simplyconnected, spin and Q Nn(s,p) = Q. It follows from [Sz2] (cf. also [FS2] ), that for every basic class L of N n (s, p) that lies in the boundary of the convex hull B (N n (s, p) ), the Seiberg-Witten invariant is divisible by p. (In fact for these basic classes we have SW (L) = ±p.) It follows that for all p > 1 the 4-manifold N n (s, p) is not symplectic. Since N n (s, p) contains spheres with self-intersection −2, it follows that the Seiberg-Witten invariant of −N n (s, p) vanishes. Now we can conclude that N n (s, p) doesn't admit symplectic structures with either orientations. On the other hand, since N n (s, p) is spin and has nontrivial Seiberg-Witten invariants, it follows that N n (s, p) is irreducible, and this finishes the proof of Theorem 1.3.
